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Dedicated to Victor Petrovich Havin on the occasion of his 75th birthday 

Abstract. We study radial behavior of analytic and harmonic func- 
tions, which admit a certain majorant in the unit disk. We prove that 
extremal growth or decay may occur only along small sets of radii and 
give precise estimates of these exceptional sets. 



1. Introduction 

We study radial behavior of analytic and harmonic functions in the unit 
disc. In order to describe the problem let us start with the classical results 
of Lusin and Privalov, see e.g. [12] Ch. IV. 

Theorem A. (Lusin, Privalov) Let f{z) be a function analytic in the unit 
disc D and E be a subset of the unit circle T of positive linear measure. If 
f tends to zero non-tangentially at each point of E, then f = 0. 

The situation changes if one considers radial limits. 

Theorem B. (Lusin, Privalov) There exists an analytic function f in D 
such that lim r ^i f(re 1 ^) = for almost every <fi £ [0, 2it). 

These results can be reformulated for harmonic functions. The first theo- 
rem says that there are no u € Harm(D) that tends to +oo non-tangentially 
on a set of positive measure in T, while the second gives a function in 
Harm(D) that tends radially to +oo almost everywhere on T (we remark 
that the function / in Theorem B can be chosen zero- free). We refer also to 
[HE] for other relevant examples. The growth of harmonic functions tending 
radially to +oo almost everywhere can be arbitrarily slow: the statement 
below is a special case of a theorem in [9]. 

Theorem C.(Kahane, Katznelson) Let v(r) be a positive increasing func- 
tion on [0, 1) and lim r ^i_ v(r) = oo. Then there exists u £ Harm(D) such 
that 

(1.1) u(z)<v(\z\) 
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and lim r ^i_ u(re l< ^) = oo for a.e. <fi € [0, 2ir). 

In this article we address the following questions. 

Let the function v be as above and u £ Harm(D) satisfy (II. 

• How fast (with respect to v) can u grow to +00 along massive sets of 
radii ? 

• How fast (with respect to v) can u decay to -co along massive sets of 
radii ? 

We restrict ourselves to a particular majorant function 

v(r) = log . 

1 — r 

This choice is motivated by its relevance to the classical Korenblum space 
A~°° (see [IQ]). It also serves as a model case for more general majorants. 

The typical answer to the first question is that at almost all radii the 
function u grows (if it grows at all) slower that v, the exceptional set has 
zero Lebesgue measure. We give precise estimates on the size of exceptional 
sets in terms of the Hausdorff measures with respect to the scale of functions 
h a {t) = t\ logi|°, a > 0. 

Regarding the second question we first remark that the function u that 
satisfies (jl.ip may decay to —00 along radii much faster than —v(r), so the 
harmonic function — u may fail to satisfy (jl.ip . However, given M(s), s > 
such that M(s)/s — ► +00, as s — > +00, the set {z G D : u(z) < —M(v(\z\)} 
is small (sharp estimates for typical M are obtained in [3]). We show that 
along most radii — u grows slower than v, the estimates of the exceptional 
set being the same as in the answer to the first question. For the maximal 
possible decay of harmonic functions throughout the whole disc see [11] , [2] 
and references therein. 

Our statements can be reformulated for zero-free functions from the Ko- 
renblum class. Now the second statement describes how fast an analytic 
function can approach zero along some radii. Actually this statement holds 
true for any (non necessarily zero- free) function from A~°° . At the same 
time adding zeros may result in extremal radial growth along almost all 
radii. 

The paper is organized as follows. The next section includes definitions 
and formulations of the main results in terms of analytic functions. In 
Section 3 we deal with harmonic (subharmonic) functions. Using standard 
estimates of the Poisson integral we show that fast radial growth (decay) 
implies non-tangential growth (decay) and thus may occur only on a set of 
zero measure. The main results are proved in Section 4: departing from 
non-tangential growth (decay) and harmonic measure inequalities we obtain 
more precise estimates of the size of the exceptional sets. These estimates are 
sharp, as shown by examples collected in Section 5. We also give an example 
which shows that the situation becomes very different if one considers growth 
just along sequences of points: there exists a function such that every radius 
contains a sequence of points of extremal growth. In Section 6 we consider 
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positive harmonic functions satisfying and show that for such functions 
the answer to the first question is different. Finally, Section 7 contains a 
theorem about Hausdorff measure of Cantor-type sets. 

2. Formulation of the main results 

An analytic function / in D is said to be of class A~°° if there exist 
constants C and k such that 

\f(z)\ < g 

(1 - \z\) k 

For a function / G ^4"°° we define 

(2.1) D + (f) = {9 G [0,2.) : limM ^g^j > o} , 

(2.2) D_(/) = (fl G [0,27r) : limsup )f ^ < o) . 

I r->i |log(l-r)| J 

We recall the definition of the Hausdorff measure. Given an increasing 
function A, A : [0,1) — ► [0, +00), A(0) = 0, we denote by H\(C) the corre- 
sponding Hausdorff measure of a set C C T (or C C R), which is defined 
as 

H X {C) = lfminf |X)A(|J a |) : C C U S J S , \J S \ < el , 

here J s are arcs of T (respectively intervals of R). 

The main results of the paper give estimates on the size of the sets D±(f). 

Theorem 1. Let \(t) = o(t\ logi^), t — ► 0, for every uj > 0. Then 

(i) H x (D + (f)) = for each zero-free f G A^°° ; 

(ii) H x (£>-(/)) = /or eac/i / G A~°° . 

These results are sharp as follows from the next statement. 

Proposition 1. For any a > there exists a zero-free function f G A~°° 
such that f' 1 G A' 00 and H\(D+(f)) = 00 for X(t) = t\logt\ a . 

Note that for zero-free functions we have D + (f) = D-(f~ 1 ); thus, Propo- 
sition Q] shows that our condition on A is precise in both assertions of The- 
orem [TJ 

There are no analogues of the first estimate in Theorem [T] for general 
functions from A~°°. This can be seen by analyzing functions having "reg- 
ular" growth in D like those given in Theorem 2 in [13]. The argument in 
[13j relies on the atomization techniques, and in this paper we use a simple 
explicit function constructed by Horowitz. 

Given a number [i > 1 and an integer > 1, consider the function 

00 

(2-3) f^z) = n (1 + ■ 

k=l 
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It follows from [8j (see also [10]) that f^p G A' 00 . 
Proposition 2. Let the numbers [i and (3 satisfy the conditions 
(2-4) i__L_>i j M>e . 



e 



Then D + (f fl ^) has full measure in T. 

We also consider the extremal growth on subsets of radii. Given a function 
/ G A-°°, denote 

G + (f) = \6G [0,2vr) : limsup |° g (r ^|| > 
I r-»l |log(l-r)| 

Clearly G+(/) D D+(f). 

Proposition 3. There exists a zero-free f G A~°° , such that G+(/) = T. 

The estimate in the first statement in Theorem Q] can be improved if 
we assume that |/| is bounded from below by a positive constant. This 
improvement corresponds to the difference between estimates of the Poisson 
integral with respect to a premeasure (as in Theorem[T|) and a Borel measure 
as in Theorem [2] below; we refer the reader to |10j for the definition and basic 
properties of premeasures. 

Theorem 2. Let X(t) = £ | log 1 1 . Suppose that f G A~°° and \ f\ is bounded 
from below by a positive constant. Then the set G+(/) is a countable union 
of sets with finite H\ measure. 

There exists f G A~°° , such that \ f\ is bounded form below by a positive 
constant and H\{D + {f)) = oo. 

In order to construct examples in Proposition [1] and Theorem [2] we use 
Cantor-type sets having the following structure: 

C = Pi s C s , C s D C s+ i, Co = [0, 1], 
each set C s is a union of N s segments {Ij S ^}j of the same length l s . For each 

(s) 

such segment the intersection C s+ \ n /• is a union of k s disjoint segments 
of length l s +i- We assume, of course, that 

l s \0, s —* oo; k s l s+ i < l s , and N s = k ki . . . k s -i. 

Theorem 3. Let X : [0, 1) — > [0, +oo) be a continuous increasing function 
with A(0) = 0, such that for some a > and s > sq 

(2.5) A^)^ a A^+i) forany/G[Wl)/s) . 
Then 

(2.6) liminf N s X(l s ) > H X (C) > % liminf N s X(l s ). 
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Other results of such type are given in [U H] ; unfortunately, we are not 
able to apply those results in our situation. We prove Theorem [3] in the last 
section and believe that it may be of its own interest. 



3. From radial to non-tangential growth 

To deal with zero-free functions from A~°° we consider the corresponding 
class of harmonic functions. A function u G Harm(D) is said to be of class 
IC if there exists a constant C such that 

u(z) < Clog - 6 1 , z£D. 

If / G A~°° is a zero-free function, then u(z) = log \ f(z)\ belongs to IC. 
Given a function u G IC we denote 

f u(te 1 

E + (u) = <0€ [0, 2tt) : liminf - \ \, > 
I r-i |log(l-r)| 

E-(u) = \ e E [0,2tt) : limsup— '— < 

I r-»i I log(l — r)| 

In this section we first show that fast radial growth along radii implies 
fast non-tangential growth. We use the standard notation 

P( re ie ) = - l ~ r2 

v ' 2vr 1 - 2r cos + r 2 ' 

for the Poisson kernel. 

Let r G (0, 1), r G (0, 1), and < 5 < r(l - r). Then 

(3.1) P{re ld ) > (1 - T)P{re i{e+&) ) 

This inequality can be proved by elementary calculations, it can be also 
viewed ELS cl special case of the Harnack inequality. 

Lemma 1. Let u G IC, C = sup{n(z) (loge/(l — ;z G D}. Suppose 

that for some a > 0, 8 G [0, 2ir], and r G (0, 1) 

u(re td ) > crlog — — . 

1 — r 

Then 

(3.2) u(re i(9+5) ) > - i og _!_ 

2 1 — r 

/or |<5| < n(l — r), where T\ = ti(C, <t) > 0. 
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Proof. Let R = (l + r)/2. We apply (pTT|> : replacing P(r, •) by P(r/R, •) and 
assuming that \5\ < t (l — j%) with r < 1. We obtain 

u ( re ie ) = u (Re^)P (-^M) d# = (1 - r)u(re i(9+5) )+ 

u(2te*) (P " (1 " r)P (^e*^-^))) # < 

(1 - r ) u ( re <(»+«)) + C r r io g _i_. 

1 — rt 

Hence 

cj log — ^— < (1 - rWre*^ ) + Ct log — ^— + Ct log 2. 
1 — r 1 — r 

Taking r small enough we now obtain relation (|3.2[) with n = r/2. □ 

The proof of Lemma [T] works also for the radial decay; however, for this 
case we need a more general setting involving subharmonic functions. 

Lemma 2. Let v be a subharmonic function on D and 

v(z) < Clog - 6 , zeD. 

Suppose that for some a > 0, 8 E [0, 27r], and ro G (0, 1) 

v(re ld ) < — clog , r > ro 

1 — r 

Then 

V (r e i(6+S)) < _^l og: ^, r > ri 
2 1 — r 

/or |<5| < T2(l — r), where T2 = 72(C, a) > 0, ri = ri(ro) < 1. 

Proof. Without loss of generality assume that = 0. Consider the function 

wipe*) = u(l - pe^) 
which is subharmonic in the domain 

G = {( = pe^ :0<p<l,0<v?< vr/4}. 

We have 

(3.3) w(s) < -a log-, s < po, and wise*) < Clog-, se* G G, 

s s 

and we need to prove that 

(3.4) w(pe iS ) < -- log -, p < pi for all 5 G (0, S{), <5i = SUa, C). 

2 p 

Consider an auxiliary function u{Q which is harmonic in the domain 
R = {C = pe tLp ■ 1/4 < \p\ < 1, < <p < 7r/4} and has the boundary values 

u(p) = 0, p G (1/4,1), n(C)| 9 i?\ (1/4,1) = 1. 
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Fix now p < po/2. It follows from (j3.3H that 

w(() + a log - < (C + a)u I i- ] log - + a log 2, £ G d(2pi?). 

p V 2 p/ p 

Therefore 

u>(C) < -<rlog- + (C + <r)u (^-] log - + a log 2, ( G 2^. 

In order to obtain (|3.4p it remains to take £ = pe l</3 and note that u(e ltfi /2) 
as ip — > 0. 

It follows from Lemmas [TJ [2j and the Lusin-Privalov theorem, that 
\E + (u)\ = for any u £ JC and also |-D-(/)| = for any / G A~°° . 

4. Proof of Theorem [TJ 

In this section we prove Theorem [TJ The first statement of the theorem 
is equivalent to the following 

Theorem 11 Let X(t) = o(£| log £|^), t — » 0, /or every cj > 0. Then 
H\(E + (u)) = for every u € /C. 

Proo/. Fix u G /C. Let 

£ n = (e ie : n(re ie ) > - log — — , r > 1 - - 
[ n 1 — r n 

Since E + {u) = U n E n , it suffices to prove that H\(E n ) = for each n. We 
use the standard cone construction. For e ld G T and a < 1 consider the 
Stolz angle = conv(e , aD), i.e., the convex hull of e ld and the disc of 
radius a. By Lemma [TJ one can find a > such that u(z) > ^ log x Jj i for 

all e ie G and z G I*, > 1 - 
Let 

o = u eeEn r d a . 

The function it is bounded from below on $7; let, say, u > cq. Let t < 1 be 
sufficiently close to 1 and 

For an appropriate 6 = 6(a) we have 

dU t DtT = tE^ 1 -^ = {te ie : \9 - 8 \ < 6(1 - t) for some e i0 ° G E n }. 

Estimating the subharmonic function u in the domain Qt, t > 1 — — , in 
terms of harmonic measure, we obtain 

(4.1) u(0 ) > Cl+w (0,^( 1 -*),^)^-log-^-. 

In 1 — t 

Domains Of have Lipschitz boundaries with Lipschitz constants bounded 
uniformly in t. By the Lavrentiev theorem, (see e.g. [6], Chapter VII, 



□ 
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Theorem 4.3), there exist c and 7 such that, for each subarc I C dflt and 
A C /, we have 

u{0,A,n t ) > 



w(0,/,J2t) " V*C0 
here / is the arcdength on <9$7t. In particular, by (|4.ip . 

z( ^(i- t))7 < ^1^(^)7^(0,^(1-*)^,) < c (log^) 1 , 

where C = C(n) does not depend on t. Hence for all e > small enough we 
have 

l{K)<c(\og be " 



e 

Therefore one can cover E n by N e intervals of length e, with 

N e < 2e- 1 Cnog 
Then 

H\(E n ) < lim inf N e X(e) < liminf 2e^C log— A(e). 
e^o e^o y € J 

The condition on A implies H\(E n ) = and we are done. 



□ 



To prove the second part of Theorem [T] we repeat the argument for the 
subharmonic function v(z) = log |/(*)|, using Lemma [2] instead of Lemma[TJ 
and replace the inequality (|4.ip by the following estimate, valid for subhar- 
monic functions: 

«(0)< / v(z)du;(0,z,n t )<c 1 -u;(0,tE b n ^- t \n t )^-\og- 



t 

5. Sharpness of results 
First we construct functions from fC with "large" sets of growth. 
Lemma 3. For each integer A > 2 the series 



u{z) = ^Y^A k z 2Ak 



k=0 

converges in D and \u(z)\ < Clog 1 _ e ^| . 

Proof. Fix z€D sufficiently close to the boundary, and choose N such that 

(5.1) 2~ AN >l-\z\>2- AN+1 . 

Then 

-log |*| = -log(l - (1 - |*|)) > 1 - \z\ > 2~ AN+ \ 
and for n > N + 1 we have 
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A n+1 \z\ 2A '"" . ,oA»+ioA» . -0-A N +* ( 2 A»+1 _ 2 A 



n + 1 



A n \z\ 2A " 

with 



A\zr - 2 < ^ " 2 ' < 6(A) < 1, 



(5.2) lim 5(A) = 0. 

A^oo 

Therefore 

N oo 

| U (z)|<^^|z| 2An + £ ^|z| 2A "< 

n=0 n=7V+l 



^v +1 + 1 < 2 _A_ bg I 



1-«5(A) ~ 1- «5(A) log 2 l-|*l 

□ 



Proof of Proposition [0 Let A be large enough and 

/ oo 

f(z) = ex V (J2A k 



00 t 



\fc=i / 

Then -u, = log|/| is the function from the previous Lemma, hence both / 
and f~ l are from A~°°. If, for some </>, we have cos(2^ fc (/)) > l/y/2 for each 

fc, then sR^(re^) 2 ^ ) > r 2 ^ /y/2 > 0. Taking N as in (JSH]), with z = re**, 
we get 

U ( re <*) > I^r 2 ^ > 1^ > — 1_ log ■ ' 



2 ~ 8 8Alog2 ° 1-r' 

thus G E + (u). Denote 

= n£ =0 {<£ : cos(2 A V) > 1/V2}, C = PiCj. 

Then Cj is the union of Nj intervals of length lj = c2~ A1 , where c is an 
absolute constant. We call them intervals from j-th generation. Each of 
them contains %+i = c2 Aj+1 ~ Aj intervals from the next generation. So it is 
easy to see that Nj = c j 2 AJ . Theorem [3] with X(t) = t\ logt\ a now yields 

H x (E + (u)) > H X (C) > 2^1iminf <? A* . 

We chose A such that A a > c _1 and obtain H\(E + (u)) = +oo. □ 

Next we construct an auxiliary harmonic function. 

Lemma 4. There exist a function h € Harm(D) and a positive B such that 
\h(z)\ < B\z\, z£D, and 

max h(re ie ) > 1, 6 € \0,2k). 

l/6<r<l/3 
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Proof. Set K = {^e 37Tti ,0 < t < 1}. Let / be a function equal to in 
a small neighborhood of and to 2 in a small neighborhood of K. By the 
Runge theorem, we can approximate / by a polynomial g in such a way that 
\g — f\ < ^ on K U {0}. Then we can just set h = 3?(g — g(0)). □ 

Proposition [3] follows immediately from the following 

Lemma 5. If an integer A is large enough, then the series 

u(z) = Y,A k h(z 2A ) 

k=0 

converges in D to a function from tC, and for some d > 0, 

u(re^^] 

lim sup — )- — J —j >d, 6 6 [0, 2tt) . 
r-+i | log(l — r)| 

Proof. Fix z € D sufficiently close to the boundary, and choose N such that 

2-^l-M>2-^ +1 . 

By (O, 

N oo 

\u{z)\ < BY,A n \z\ 2An +B A n \z\ 2A " < 

n=0 n=N+l 

A N + 1 B + A N+1 B 1 < 2 —^- log ■ ' 



1 - (5(A) - 1 - 5(A) log 2 ° 1 - \z\ 
The same estimate gives 



,a"+K, A N+l B .^„^^.,, . A^ 1 



2 

k>l 



for large A 

Finally, given 9 £ [0,27r), we construct a sequence of points {wn 
\wN\e ld } at which u has extremal growth. 
Let r]y(9) 6 (i, i) be such that 



6' 3/ 



and let w N = r N {6) 2 e td . Then 



2- AJV >l-|^|>2-^ +1 , 



and 



u(w N ) > A N+1 h(w 2 f +1 )- — = 4 w+1 Mr w (9)e lfl - 2A,,+I ) - ^ 



2 

> — - — > c log ■ 



\w N \ 

□ 
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Proof of Proposition 0. Let now \x > 1 and an integer j3 > 1 satisfy (|2.4p 
and be the corresponding Horowitz function, see f)2.3f) . The zeros of 
/„ b are of the form 

(5.3) z Kj =p k e^- k e 2 ^-\ k = 1, 2, . . . , j = 0, 1, . . . , /3 fe - 1, 

where p k = k ■ 

We will construct a sequence {e^} such that e k \ 0, 

oo 

(5.4) ]T/3 fe e fc <oo, 

k=i 

and, for some a > 0, 

(5-5) l/w8(*)l > (! _! u|)a ' for z & u k,jD kJ , 

here D^j = {z G D; |z — zj.j| < e&}. Since p*. = fe , the discs D^j 
are contained in the open unit disc; by (|5.4p . the sum of the lengths of the 
projections of UjDj-j on T is finite. Now Proposition [2] follows readily. 

Consider the circle \z\ = r < 1 and choose an integer m such that 
(5.6) r? m > pT^ > r? m+ \ 

and hence, 

^r^- 1 > p 1 - 1 '^ > 1 and /^ m+1 < ^ < 1. 
Relation (15. 6D also yields 



(5.7) 



1 , 1 

m - t. log 

log p 1 — r 



where the constant C does not depend on r. One may assume m > 1. We 
have 



m— 1 



(5.8) /to=n(i+/^)(i+M*H n 



fc=l fc=m+l 



The first factor is uniformly large on the circle \z\ = r: 

TO— 1 

k=l 



log|P m (z)| > ^log(/xr /3 -1 

m— 1 m— 1 /■ - \ 

E (iog^+/? fc iog-) + E log 1 - ^ • 
fc=i fe=i v / 
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We get 
m— 1 

^ (log \i + (3 k log A > (m - 1) log \i + /3 m log r 
fc=i 

> (m - 1) log fi - \f(3 log n 

and 

m— 1 / 1 \ to— 1 / 

fc=l VP' / fe=1 v 



flm-1 



>(m-l)log ^1 ^/^y. 

Relation (|2.4p now yields 

log |P m (z)| > (m - l)(log/i- 1) - v^log/U, 

and, by (I57|> . 

IP > Const ui - r a _ ^g^" 1 

(l_| z |)a' 1^1 - r ' «" log(3 ■ 

We apply the inequality log(l — x) > —ax, x < 1 — a -1 in order to prove 
that the third factor in (15. 8p is separated from zero when \z\ = r: 

oo oo 

log|iU*)l> E log (l-^l^l^) >-a E mW^>c(m,/3), 

fc=m+l k=m+l 
-1 



if we take a = (l — ^i 1 , say. 



The second factor in (|5.8p vanishes at the points {z m j}, j = 0,1, . . . , 
j3 m -l. Fix now q < 1 and let e m = q m j3~ m . Condition (|5.4p is then fulfilled. 
It is also straightforward that 

ll + ^H >cq m 

when \z — z m j\ = e m for some j. Then the minimum principle implies the 
same inequality whenever dist(z, {z m j}j) > e m . 

It follows now from (15.7(1 that, for any a' < a, one can chose q sufficiently 
close to 1 such that 

. ... Const 
This completes the proof of Proposition [2] □ 
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6. Positive harmonic functions 

In this section we prove Theorem [2j First we prove that given a positive 
function u € K, the set 

F+(u) = <9e[0, 2vr) : limsup — '—r > 

I t-kl I log(l — r)| 

is a countable union of sets with finite H\ measure, with the measuring 
function A(i) = t\ log £ | . This implies the first statement of Theorem (2j 
Let 

f u(re i6 ) 2 

F n = { 9 £ [0, 2vr) : limsup v ; > - 
[ | log(l — r) | n 

It suffices to prove that H\(F n ) < oo for all n. 

The function u is positive and harmonic so it is the Poisson integral of a 
finite measure //on T. Since u S K, we have 

(6-1) M (J)<C|/|log^- 



for any arc / on the unit circle (see |10j). 
In what follows we denote 

ti(a,P)=»({e i V;a<<p<(3}). 

Lemma 6. For each n and each 6 G F n there exists a decreasing sequence 
{Aj}, Aj —* as j ^ oo which satisfies 

(6.2) /x((9 — Aj , + Aj) > fc (lOA, log , 

mt/i some fe > 0, depending on C and n only. 

Suppose this lemma is already proved. For each e > we can cover F n 
by intervals I with centers on F n and of length less than e which satisfy 
(i(T) > k 1 51 1 log |5/| , where 5/ is the interval concentric with / of length 5 
times that of I. By the Vitali lemma (see, for example, (TJ page 2]) we can 
find a subfamily I a of disjoint intervals such that F n C UjSJj. We obtain 

^IS/jllloglSJjl^^^O^^T), 

3 3 
which yields H x {F n ) < ^m( t ) < +°°- 

Proof of Lemma® For 9 £ F n there exists a sequence {rj}^ such that 
rj y 1 and 

(6.3) - log — !— < u{r i e ie ) = f P{r je ^)dfi{9 - <j>). 

Let a, A be two constants, such that < a < A, their values will be deter- 
mined below and 5j = a(l — rj), Aj = A(l — rj). By choosing a sufficiently 
small and using (|6.ip we can achieve 
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(6-4) f' P{ rj j<t>)dn{e - cf>) < -L log ^— , j > jo- 

Furthermore, let 

Q{re i^ = - d , P ( re i<f>) = J_ 2r(l-r 2 )sin0 

be the angular derivative of the Poisson kernel. We then have 
(6.5) 

/ P{r 3 e^)d^{6 -<j>)< ju(T) + / M (0 - 0, + fiQfae^dtf) = 

J5j<\4>\<iT JSj 

H(T)+ r\{6-ct )i e + <p)Q{r J e l<t ')d4>+ f n(6 - cj),0 + flQfae^ty. 
JSj J A, 

In addition, 

/x(0 - 0,0 + 0)Q(r,e^)# < Clog / 20Q(r,e^)# < 

2Clog — !— ( A(l - r,)P (W^ 1 ^)) + f P(r,e^)# | . 
Taking ^4 sufficiently large we obtain 

(6.6) jT M (0 - 0, + 0)Q(r ie ^)# < -L log T ^ r , j > jo- 



lt follows now from ([631), O, dESj), and fl6J| that 

(6.7) / ' fi{6 - <P,6 + fiQirjj+W > log — !— , j > jo- 
JSj on l — re- 



integration by parts gives 



A, 



o 



1 



This together with (|6,7p implies 



A < 1.1 



- 0, + <\>)Q[r^)d4> > — log / 0Q(r ie ^)#, j > j . 

on 1 — Tj J 

Therefore, for each j > jo there exists 4>j G (<5j, A?) such that 

1 



u(0-0„0 + ^)>glog i _ . 
The desired estimate (16.21) follows. □ 
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To complete the proof of Theorem [2] we need to construct a positive 
harmonic function u £ /C with H\(E+(u)) = oo, where X(t) = t\logt\. 
Taking then its harmonic conjugate u we obtain the desired function as 
/ = exp(u + iu). Clearly £>+(/) = E+(u), f £ A~°° , and |/| > 1. 

First we construct a function v £ JC such that H\(E + (v)) > 0. We use a 
Cantor-type construction. 

Let C\ be the union of two opposite quarters of the circle. We construct 
by induction sets Ck C Ck-i such that C& consists of 2 2 closed arcs 
of length 2 1-2 tt each. To obtain Ck we divide each of the arcs of C k -i 
into 2 equal subarcs and choose each second of them for Ck- Denote 
C = nCk and consider the measures d/j,k = 2 k x{Ck)dt, where x(Cfc) is the 
characteristic function of Ck- 

Lemma 7. The sequence {Hk} converges weakly to a measure /io and v = 
P * hq £ JC. In addition C C E+(v) and H X (C) > 0. 

Proof. We note that /Ufc(T) = 2ir for each k. Besides, for each arc /, with 
endpoints of the form exp(27rmi2 _2S ), where m is integer, the limit Hk(I) 
as k — > oo exists, just because all values Hk{I) are the same when k > s. 
Now each continuous function on the circle can be uniformly approximated 
by linear combinations of characteristic functions of such dyadic arcs. Thus 
for each continuous function / there exists 

lim / fdfi k 

and Hk converge weakly to some positive measure /iq. 

In order to prove that v = P * Ho £ fC it suffices to check that 

Ho(J) ^ const| J | log — — 

for each arc J C T, and then to use again the results from |10j . 

Choose s such that 2~ 2S 2-7r < |J| < 2~ 2 ° 2-k. Now take an arc Jo D J 
with endpoints of the form exp(27rmz2 -2 ) with integer m and such that 
| Jo | < 3|J|. We obtain 

Hk(J) < Hk(Jo) = Hs(Jo) <2 S \M < 6|J||log|J||. 

which is the desired inequality. 

We now check that C C E + {v). We have 

f-7T r-n 

v{re ia ) = / P{re^)dHo{a - <f>) > Ho(a -<p,a + 4>)Q(re i<j> )d4>. 



o 



Let a £ nC k = C and 2 k ~ l < \ log(l - r)\ < 2 k . Then 
Ho(a — (j),a + 4>) > c2 k (j) for (f> < 1 — r and 



rl — r rl — r 

v(re ia ) > / Ho(a -<f>,a + <j))Q{re i4> )d<t> > c2 k / cj)Q(re^)d<j) > Cl 2 k , 
Jo Jo 
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when r > r$. Thus C = PiCk C E+(v). Remind that Ck is the union of 2 2 k 
arcs of length 2tt2- 2 and C is a set of the type described in Theorem El 
For \(t) = t\ \ogt\ the theorem gives H\(C) > c > 0. □ 

Finally we construct a sequence of measures and sets such that 
«(") = p * /i( n ) is in /C, D CW, H X (C^) -> oo as n oo. 

The construction of C^ n ^ is the following. Let be the union of 2 n arcs 
of length 2-7r2 _n_1 (we divide the circle into 2 n+1 equal arcs and take each 
second), /4 n) = 2- n+1 X (c[ n) ). Let C< n) be the union of 2 2fc-1 (" +1 )- fc arcs 
of length 2-7r2 -2 ( n+1 ) 5 then we divide each arc into equal arcs of length 
2-7r2~ 2 ( n+1 ) and take each second of them to form C^+i- We define also 
fi^ = 2~ n+k x(C^). As earlier the sequence of measures converges to 
a singular measure fj,^ such that 

/i (n) (J) <const-2-"-|J| log^- 

M I 

for every n > 1 and for every arc J C T. Then = P * E K, u = 
J2n>i v(n) e ^> and ^ C (n) - Theorem [3] shows that H X (C^) > cn, 

and, hence, H\(E + (u)) = oo. 

7. Hausdorff measure of Cantor sets 

In this section we prove Theorem El The left hand side inequality in (|2.6p 
is straightforward. 

We say that C s is the set of s'th generation, and the intervals I- ' of 
length l s that constitute C s are the intervals of s'th generation. Denote the 
set of all these intervals by X s . 

Let { Jj} be a finite covering of C by intervals of length less than l s . We 
split the set {Jj} into finitely many groups A s ,A s +i, ■ ■ ■ ,A m , where 

Ap = {Jj . lp-\-i ^ \Jj\ ^ lp}- 

Some of these groups may be empty. Let 

M s+1 = {l€ l s+ r,I n (U JeAs J) + 0}, and M s+1 = #M S+1 . 

We have 




Let K s+ i = l s+ i \ M s+ i and R s+1 = #Tl s+ i = N s+1 - M s+X . We have 
R s +i intervals from I s +i which do not intersect intervals from A s . 

We continue the procedure. Take all intervals from T s+ 2 that are con- 
tained in U/ e 7^ s+1 J, the number of such intervals is k s +iR s +i- Let M s +2 of 
them intersect Uj 6 ^ s+1 J and R s +2 = k s+ iR s+ i — M s+2 be the number of 
remaining intervals. 

After several steps we have R q intervals from I q that intersect no interval 
from „4 s U^ s +i...Uw4 9 _i. Then we have k q R q intervals in T q+ \ that intersect 
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no interval from A s UA s +i U . . . UAq-i, and M q+ \ of them intersect intervals 
from A q , where 

(7-1) M g+1 <2j2j^-- 

Next we define R q +i = k q R q — M q+ \. By induction 
Rq+i = N q+1 - ^2 jf N q+i- 

r=s+l r 

If R m +i > 0, then we can find a point in C that is not covered by the 
intervals from A s U . . . U A m . Thus R m +\ = 0, and we get 

< 7 - 2 > Ei= L 

r=s+l ' 

Set b s = m£ q > s N q \(l q ). Now we use ([23]) . ([71]) . ([72]) to estimate the 
sum of A(| Jj\): 

771 771 i i 

'p+i 



for any finite cover of C with \Jj\ < l s . This shows that 

H X {C) > Jliminf^A(g. 

Z s— >oo 
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